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Abstract
Sequences of canonical conservation laws and generalized symmetries for the lattice Boussinesq and the lat-
tice modified Boussinesq systems are successively derived. The interpretation of these symmetries as differential-
difference equations leads to corresponding hierarchies of such equations for which conservation laws and
Lax pairs are constructed. Finally, using the continuous symmetry reduction approach, an integrable, multidi-
mensionally consistent system of partial differential equations is derived in relation with the lattice modified
Boussinesq system.
1 Introduction
The existence of infinite hierarchies of symmetries and conservation laws is among the key characteristics of most
of the well known integrable systems, [7, 13, 20]. Recently, in [8], this characteristic of integrability was also
established for a class of two-dimensional integrable partial difference equations, namely the equations in the
Adler-Bobenko-Suris (ABS) list, cf. [1], of canonical scalar affine-linear lattice equations. Moreover, in [18], it
was shown that equations in this class possess infinite hierarchies of symmetries and conservation laws, and these
hierarchies were constructed recursively. Their derivation is similar to the approach used in [3], and it is based on
the use of the first canonical conservation law and the first master symmetry. In the present paper, we apply the
same ideas to the case of the lattice Boussinesq and lattice modified Boussinesq equations.
By the lattice Boussinesq equation1, we mean the following partial difference equation on the two-dimensional
lattice
α3 − β3
α− β + un+1,m+1 − un+2,m
−
α3 − β3
α− β + un,m+2 − un+1,m+1
− un,m+1un+1,m+2 + un+1,mun+2,m+1
+un+2,m+2 (α− β + un+1,m+2 − un+2,m+1) + un,m (α− β + un,m+1 − un+1,m)
= (2α+ β) (un+1,m + un+1,m+2) − (α+ 2β) (un,m+1 + un+2,m+1) , (1)
and we refer to (
α2un+1,m+1 − β
2un,m+2
αun,m+2 − βun+1,m+1
)
un+1,m+2
un,m+1
−
(
α2un+2,m − β
2un+1,m+1
αun+1,m+1 − βun+2,m
)
un+2,m+1
un+1,m
= α
(
un,m
un+1,m
−
un+1,m+2
un+2,m+2
)
− β
(
un,m
un,m+1
−
un+2,m+1
un+2,m+2
)
(2)
1An alternative version of a lattice Boussinesq equation was given in [2] which could be viewed as a dimensional reduction of the
modified lattice KP equation. However, it seems that this equation corresponds to the special case p = χq, where χ is a primitive root of
unity, of equation (1).
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as the lattice modified Boussinesq equation. These equations were derived in [12] in the context of the discrete
Gel’fand-Dikii hierarchy, and, under appropriate continuum limits, they reduce to the continuous potential Boussi-
nesq equation and the potential modified Boussinesq equation, respectively. These 9-point scalar equations can
also be given as quadrilateral systems for three or two fields, respectively, and these forms will be used in the
subsequent analysis.
In particular, our analysis will be focused on the derivation of hierarchies of symmetries and canonical conser-
vation laws for these systems. These hierarchies are derived in a systematic way starting with the first generalized
symmetry and the first canonical conservation law as seeds and making successive use of an extended generalized
symmetry playing the role of a master symmetry. This procedure was used in [18] in the derivation of correspond-
ing hierarchies for all the ABS equations.
Moreover, for the system related to the lattice modified Boussinesq equation, a corresponding system of partial
differential equations (PDEs) is derived similarly to the case of the ABS equations [16]. These systems are also
referred to as generating PDEs and were introduced in [11] in connection with the lattice potential KdV equation.
Subsequently, similar systems derived for the lattice Boussinesq equation [14] and for all the ABS equations [16].
These systems inherit some properties of their lattice counterparts, more precisely they admit an auto-Bäcklund
transformation and a Lax pair, both of which actually follow from their multidimensional consistency. For the
multidimensionally consistent generating PDE related to the lattice modified Boussinesq equation, we also present
an auto-Bäcklund transformation and a Lax pair.
The paper is organized as follows. The next section deals with the symmetries and conservation laws of the
lattice Boussinesq system, while Section 3 contains the corresponding results for the modified Boussinesq system.
In Section 4 the generating PDE related to modified Boussinesq system is presented along with an auto-Bäcklund
transformation as well as a Lax pair for this system. The concluding section discusses some related points of
current and future research.
2 Lattice Boussinesq equation
In this section we study the generalized symmetries and conservation laws of the lattice Boussinesq equation.
This equation was derived in [12], studied in [17] while the corresponding generating PDE was presented in [14].
Here we derive formulas for the recursive construction of symmetries and conservation laws using as seeds a
pair of symmetries and a canonical conservation law. The interpretation of these symmetries as a hierarchy of
differential-difference equations and our considerations lead naturally to a hierarchy of conservation laws and Lax
pairs for these hierarchies as well.
Let us begin by writing the lattice Boussinesq equation as a system on a quadrilateral. Specifically, this equa-
tion can be written as a system involving the values of three fields un,m := (un,m, vn,m, wn,m) on an elementary
quadrilateral of the lattice which has the following form.
wn+1,m − un,mun+1,m + vn,m = 0 , (3a)
wn,m+1 − un,mun,m+1 + vn,m = 0 , (3b)
un,mun+1,m+1 − vn+1,m+1 − wn,m −
α− β
un+1,m − un,m+1
= 0 . (3c)
A Lax pair, gauge equivalent to the one derived in [12], cf. [17, 14], is given by the following linear system for
Ψn,m.
Ψn+1,m = L(un,m,un+1,m;α)Ψn,m , Ψn,m+1 = L(un,m,un,m+1;β)Ψn,m , (4a)
2
where
L(un,m,un+1,m;α) :=
1
(α− λ)1/3

 −un+1,m 1 0−vn+1,m 0 1
α− λ− un,mvn+1,m + un+1,mwn,m −wn,m un,m

 . (4b)
The compatibility condition of the above linear system holds if and only if system (3) holds.
One useful property of system (3) is its covariance, i.e. its invariance under the mutual interchanges of shifted
values of u, v and w accompanied with corresponding interchange of the parameters α and β. This property, which
is obvious for the Lax pair (4), allows us to present symmetries and conservation laws only for one lattice direction,
specifically for the n direction, while the results for the m direction can follow by employing the interchanges
(un+i,m+j, vn+i,m+j , wn+i,m+j, n,m, α, β) ⇋ (un+j,m+i, vn+j,m+i, wn+j,m+i,m, n, β, α).
Theorem 1 The lattice Boussinesq system (3) admits a ten-dimensional algebra of Lie point symmetries generated
by the vector fields
S0 = un,m∂u,m + 2vn,m∂vn,m + 2wn,m∂wn,m + 3α∂α + 3β∂β ,
U0 = ∂un,m + un,m∂vn,m + un,m∂wn,m ,
T0 = ∂vn,m − ∂wn,m ,
Sk = χ
k(n+m)un,m∂un,m − χ
k(n+m+2)vn,m∂vn,m − χ
k(n+m+1)wn,m∂wn,m ,
Uk = χ
k(n+m)∂un,m + χ
k(n+m+1)un,m∂vn,m + χ
k(n+m+2)un,m∂wn,m ,
Tk = χ
k(n+m)∂vn,m − χ
k(n+m+2)∂wn,m ,
E = ∂α + ∂β ,
(5)
where k = 1, 2 and χ is a primitive root of unity χ2 + χ+ 1 = 0.
Moreover, it admits a hierarchy of generalized symmetries Vi and an extended generalized symmetry G1 in the
n direction, which have the following form
Vi = R
i−1
(
1
rn,m
)
∂un,m + R
i−1
(
un+1,m
rn,m
)
∂vn,m + R
i−1
(
un−1,m
rn,m
)
∂wn,m , i = 1, 2, · · · , (6)
and
G1 =
n
rn,m
∂un,m +
nun+1,m
rn,m
∂vn,m +
nun−1,m
rn,m
∂wn,m + ∂α . (7)
Function rn,m and operator R are given by
rn,m := un+1,mun−1,m − vn+1,m − wn−1,m (8a)
and
R :=
∞∑
j=−∞
j
rn+j,m
∂un+j,m +
∞∑
j=−∞
j un+1+j,m
rn+j,m
∂vn+j,m +
∞∑
j=−∞
j un−1+j,m
rn+j,m
∂wn+j,m + ∂α , (8b)
respectively.
Moreover, system (3) admits a hierarchy of canonical conservation laws ∆mρ (k)n,m = ∆nσ (k)n,m, the densities
ρ
(k)
n,m and the fluxes σ (k)n,m of which are defined recursively as
ρ (k)n,m = R
k
∗
(
log (un+1,mun−1,m − vn+1,m − wn−1,m)
2
)
, (9a)
σ (k)n,m = R
k
∗
(
log (un,m+1un−1,m − vn,m+1 − wn−1,m)
2
)
, (9b)
3
for k = 0, 1, · · ·. Operator R∗ is the “negative part” of R, i.e.
R∗ :=
−1∑
j=−∞
j
rn+j,m
∂un+j,m +
−1∑
j=−∞
j un+1+j,m
rn+j,m
∂vn+j,m +
−1∑
j=−∞
j un−1+j,m
rn+j,m
∂wn+j,m + ∂α . (10)
Proof It can be verified directly that the vector fields given in (5) are symmetry generators for system (3). They
form a ten dimensional solvable Lie algebra with the non-vanishing commutators given by
[S0, Uℓ] = −Uℓ , [Sk, Uℓ] = −Uk+ℓ mod 3 ,
[S0, Tℓ] = −2Tℓ , [Sk, Tℓ] = χ
2k Tk+ℓ mod 3 ,
[Uk, Uℓ] = (χ
ℓ − χk)Tk+ℓ mod 3 ,
[S0, E] = −3E ,
where k = 1, 2 and ℓ = 0, 1, 2.
For the hierarchy (6), we observe that G1 is a master symmetry of V1. Indeed, their commutator is non-zero,
resulting to V2, and [V1, [G1, V1]] = 0. This implies that we can construct recursively the whole hierarchy (6) of
commuting symmetries by setting Vi+1 = [G1, Vi]. Working out these commutators, relations (6) easily follow.
Having constructed the hierarchy of generalized symmetries, one may derive hierarchies of canonical conser-
vation laws starting with the first canonical conservation law ∆mρ (0)n,m = ∆nσ (0)n,m. The density ρ (0)n,m and the flux
σ
(0)
n,m have the form
ρ (0)n,m = log r
2
n,m and σ (0)n,m = log (un,m+1un−1,m − vn,m+1 −wn−1,m)
2 , (11a)
respectively. The form of the conservation law suggests the introduction of the potential φ (0) through the relations
∆nφ
(0) = ρ (0)n,m , ∆nφ
(0) = σ (0)n,m . (11b)
If we consider the system constituted by (3) and (11), then its lower order generalized symmetries follow by
extending the action of V1 and G1 in the direction of the potential φ (0). This means that they have the form
V1 =
1
rn,m
∂un,m +
un+1,m
rn,m
∂vn,m +
un−1,m
rn,m
∂wn,m +Φ
(0)
1 ∂φ (0) ,
and
G1 =
n
rn,m
∂un,m +
nun+1,m
rn,m
∂vn,m +
nun−1,m
rn,m
∂wn,m + (nΦ
(0)
1 + φ
(1))∂φ (0) + ∂α ,
respectively. The condition that these are symmetry generators for system (11) implies that
Φ
(0)
1 = V1
(
ρ
(0)
n−1,m
)
≡
(
1
rn,m
∂un,m +
un+1,m
rn,m
∂vn,m +
un−1,m
rn,m
∂wn,m
)
ρ
(0)
n−1,m
and φ (1) is the potential corresponding to the next conservation law. In particular, the density ρ (1)n,m and the flux
σ
(1)
n,m of this conservation law are given by
ρ (1)n,m = R
(
ρ (0)n,m
)
−Sn
(
Φ
(0)
1
)
, σ (1)n,m = R∗
(
σ (0)n,m
)
(12)
where R∗ is the “negative part” of R given in (10). Moreover, taking into account the particular form of Φ(0)1 ,
density ρ (1)n,m may also be written as ρ (1)n,m = R∗
(
ρ
(0)
n,m
)
.
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If we include potential φ (1) in our considerations and extend symmetries V1 and G1 to this direction, we will
introduce a potential φ (2) which corresponds to the next canonical conservation law. We can follow the same
procedure with this new potential which will result to the introduction of another potential and corresponding
conservation law. This procedure can be repeated infinitely many times, leading to a hierarchy of conservation
laws. In particular, symmetry generators will have the form
V1 =
1
rn,m
∂un,m +
un+1,m
rn,m
∂vn,m +
un−1,m
rn,m
∂wn,m +
∑
k
Φ
(k)
1 ∂φ (k) ,
G1 =
n
rn,m
∂un,m +
nun+1,m
rn,m
∂vn,m +
nun−1,m
rn,m
∂wn,m +
∑
k
(nΦ
(k)
1 + φ
(k+1))∂φ (k) + ∂α ,
where
Φ
(k)
1 = V1
(
ρ
(k)
n−1,m
)
≡
(
1
rn,m
∂un,m +
un+1,m
rn,m
∂vn,m +
un−1,m
rn,m
∂wn,m
)
ρ
(k)
n−1,m. (13)
Using the last relation, the corresponding densities and fluxes of the conservation laws ∆mρ (k)n,m = ∆nσ (k)n,m can
be written as in (9a).
Moreover, it is straightforward to derive the action of Vi, i > 1, on the potentials φ(k) using the definition of
these symmetries and the above extended forms of V1 and G1. This derivation results to
Vi = R
i−1
(
1
rn,m
)
∂un,m + R
i−1
(
un+1,m
rn,m
)
∂vn,m + R
i−1
(
un−1,m
rn,m
)
∂wn,m +
∑
k
Φ
(k)
i ∂φ(k) , (14a)
which is valid for i = 1, 2, · · ·, and
Φ
(k)
i =
i−1∑
j=0
(
i− 1
j
)
(−1)i+j−1R j
(
Φ
(i+k−j−1)
1
)
.
Using relations (13) and (9a), the above relation can be written also as
Φ
(k)
i =
i−1∑
j=0
(
i− 1
j
)
(−1)i+j−1R j ◦ V1 ◦S
−1
n ◦R
k+i−j−1
∗
(
log r 2n,m
)
, (14b)
which hold for i = 1, 2, · · · and k = 0, 1, 2, · · ·. ✷
The interpretation of symmetries as differential-difference equations commuting with the lattice system and
the previous analysis lead to hierarchies of differential-difference equations and corresponding conservation laws.
Since they involve shifts only in one lattice direction, in what follows we drop the second index m which does not
vary. In this setting, we have the following
Corollary 1 The hierarchy of differential-difference equations
∂un
∂ti
= R i−1
(
1
rn
)
,
∂vn
∂ti
= R i−1
(
un+1
rn
)
,
∂wn
∂ti
= R i−1
(
un−1
rn
)
, i = 1, 2, · · · , (15)
where
rn := un+1un−1 − vn+1 − wn−1 (16a)
5
and
R :=
∞∑
j=−∞
j
rn+j
∂un+j +
∞∑
j=−∞
j un+1+j
rn+j
∂vn+j +
∞∑
j=−∞
j un−1+j
rn+j
∂wn+j + ∂α , (16b)
admits a master symmetry
∂un
∂α
=
n
rn
,
∂vn
∂α
=
nun+1
rn
,
∂wn
∂α
=
nun−1
rn
. (17)
Moreover, systems (15) admit a hierarchy of canonical conservation laws, which have the following form
∂
∂ti
(
R
k
∗
(
log r 2n
))
= ∆n

 i−1∑
j=0
(
i− 1
j
)
(−1)i+j−1R j ◦ V ◦S −1n ◦R
k+i−j−1
∗
(
log r 2n
) ,
with k = 0, 1, 2, · · ·, i = 1, 2, · · ·. In the above relation, R∗ is the “negative part” of R given in (16b) and
V :=
1
rn
∂un +
un+1
rn
∂vn +
un−1
rn
∂wn .
Finally, a Lax pair for systems (15) and (17) is given by
Ψn+1 = L(un,un+1;α)Ψn , (18a)
∂Ψn
∂ti
=
(
R
i−1M(un,un+1,un−1;α)
)
Ψn , i = 1, 2, · · · , (18b)
∂Ψn
∂α
= nM(un,un+1,un−1;α)Ψn . (18c)
Matrix L is defined in (4b) and traceless matrix M 2 is given by
M(un,un+1,un−1;α) :=
1
α− λ
1
rn


vn+1−2wn−1−un−1un+1
3 un−1 −1
−un+1wn−1
vn+1+wn−1+2un−1un+1
3 −un+1
−vn+1wn−1 un−1vn+1
wn−1−2vn+1−un−1un+1
3

 . (18d)
Here we have constructed infinite sequences of symmetries and conservation laws for system (3) which is
related to the lattice Boussinesq equation (1). In the next section we are going to establish similar results for the
lattice modified Boussinesq equation (2) written as a system for two fields.
3 Lattice modified Boussinesq equation
The modified Boussinesq equation was derived in [12] and studied in [17], while its Lie point and lower order
generalized symmetries were presented in [15]. In this section we present hierarchies of symmetries and canonical
conservation laws for this equation, as well as corresponding structures for differential-difference equations. We
follow the derivation of the previous section and, thus, we omit most of the details here and present only the
necessary results.
2The continuous part (18c) of the Lax pair for the master symmetry (17) is gauge equivalent to the one derived in [14].
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The lattice modified Boussinesq equation can be written as a system for two fields un,m := (un,m, vn,m)
defined on an elementary quadrilateral of the lattice in the following form
un+1,m+1 = vn,m
αun,m+1 − βun+1,m
αvn+1,m − βvn,m+1
, (19a)
vn+1,m+1 =
vn,m
un,m
αun+1,mvn,m+1 − βun,m+1vn+1,m
αvn+1,m − βvn,m+1
, (19b)
cf. [10] where a similar 2-field system for the lattice modified Boussinesq equation was first given. This system
is the necessary and sufficient condition for the consistency of the following linear system, which, in this sense,
constitutes a Lax pair for system (19).
Ψn+1,m = L(un,m,un+1,m;α)Ψn,m , Ψn,m+1 = L(un,m,un,m+1;β)Ψn,m , (20a)
where
L(un,m,un+1,m;α) :=
1
(α3 − λ3)1/3


αvn+1,m
vn,m
0 −λ
−λ
αun,m
un+1,m
0
0 −λ
αun+1,mvn,m
un,mvn+1,m

 . (20b)
The point symmetries of this system, which were given in [15],
Tu = un,m∂un,m , Tv = vn,m∂vn,m ,
S(χ) = χn+mun,m∂un,m − χ
n+m+1vn,m∂vn,m , (21a)
where χ is a primitive root of unit, χ2+χ+1 = 0. Additionally, system (19) admits an extended point symmetry,
namely
E = α∂α + β∂β . (21b)
Theorem 2 The modified Boussinesq system (19) admits a hierarchy of generalized symmetries Vi and an extended
generalized symmetry G1 which have the form
Vi = P
i−1 (R1) ∂un,m + P
i−1 (P1) ∂vn,m , i = 1, 2, · · · , (22a)
and
G1 = nR1∂un,m + nP1∂vn,m − α∂α , (22b)
respectively. In the above relations,
R1 :=
3un,mun+1,mvn,m
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
− un,m , (22c)
P1 :=
−3un,mvn−1,mvn,m
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
+ vn,m , (22d)
and
P :=
∞∑
j=−∞
jS jn (R1)∂un+j,m +
∞∑
j=−∞
jS jn (P1)∂vn+j,m − α∂α . (22e)
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Moreover, it admits a hierarchy of canonical conservation laws ∆mρ (k)n,m = ∆nσ (k)n,m, the densities ρ (k)n,m and
the fluxes σ (k)n,m of which are given by
ρ(k)n,m =
(
P∗ + D
)k(
log
(
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
un,mvn,m
)2)
, (23a)
σ(k)n,m = P
k
∗
(
log
(
α2un,mvn−1,m + αβun,mvn,m+1 + β
2un,m+1vn,m
(α3 − β3)un,mvn,m
)2)
, (23b)
for k = 0, 1, 2, · · ·. In the above relations, operators D and P∗ are given by
D := 2un+1,m∂un+1,m + vn+1,m∂vn+1,m
and
P∗ :=
−1∑
j=−∞
jS jn (R1)∂un+j,m +
−1∑
j=−∞
jS jn (P1)∂vn+j,m − α∂α , (24)
respectively.
Proof Using the fact that G1, given in (22b), is a master symmetry for V1, hierarchy (22a) can be constructed
recursively by setting Vi+1 = [G1, Vi] for i = 1, 2, · · ·.
The hierarchy of conservation laws with densities and fluxes given in (23a) can be constructed using the same
method and analysis we used in the previous section. That is starting with
ρ(0)n,m = log
(
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
un,mvn,m
)2
,
σ(0)n,m = log
(
α2un,mvn−1,m + αβun,mvn,m+1 + β
2un,m+1vn,m
(α3 − β3)un,mvn,m
)2
,
and employing the first symmetry V1 and its master symmetry G1. In the course of the construction, we extend
symmetries V1 and Vi, i > 1, in the direction of the corresponding potentials and these extensions are given by the
functions
Φ
(k)
1 =
(
(R1 − 2un,m)∂un,m + (P1 − vn,m)∂vn,m
)
ρ
(k)
n−1,m , k = 0, 1, · · · , (25a)
and
Φ
(k)
i =
i−1∑
j=0
(
i− 1
j
)
(−1)i+j−1P j
(
Φ
(i+k−j−1)
1
)
, k = 0, 1, · · · , (25b)
respectively. ✷
Remark It is worth mentioning that the first generalized symmetry V1 is actually a linear combination of two point
symmetries and a generalized one, specifically
V1 = −un,m∂un,m + vn,m∂vn,m + 3
(
un,mun+1,mvn,m
rn,m
∂un,m +
−un,mvn−1,mvn,m
rn,m
∂vn,m
)
.
Our choice for the form of V1 is motivated from the corresponding form of G1 and does not affect our analysis.
The interpretation of symmetries as differential-difference equations leads to
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Corollary 2 The hierarchy of differential-difference equations
∂un
∂ti
= P i−1(R1) ,
∂vn
∂ti
= P i−1(P1) , i = 1, 2, · · · , (26)
admits a master symmetry
α
∂un
∂α
= −nR1 , α
∂vn
∂α
= −nP1 . (27)
In the above relations,
R1 :=
3unun+1vn
un+1vn + unvn−1 + un−1vn+1
− un , (28a)
P1 :=
−3unvn−1vn
un+1vn + unvn−1 + un−1vn+1
+ vn , (28b)
and
P :=
∞∑
j=−∞
jS jn (R1)∂un+j +
∞∑
j=−∞
jS jn (P1)∂vn+j − α∂α . (28c)
Moreover, it admits a hierarchy of canonical conservation laws ∂tiρ(k)n = ∆nΦ(k)i , the densities of which are
given by
ρ(k)n =
(
P∗ + D
)k(
log
(
un+1vn + unvn−1 + un−1vn+1
unvn
)2)
, k = 0, 1, 2, · · · ,
and the corresponding fluxes are defined recursively by
Φ
(k)
1 =
(
(R1 − 2un)∂un + (P1 − vn)∂vn
)
ρ
(k)
n−1 ,
Φ
(k)
i =
i−1∑
j=0
(
i− 1
j
)
(−1)i+j−1P j
(
Φ
(i+k−j−1)
1
)
, i > 1,
for k = 0, 1, 2, · · ·. In the above relations,
D := 2un+1∂un+1 + vn+1∂vn+1
and P∗ is the negative part of P defined in (28c), i.e.
P∗ :=
−1∑
j=−∞
jS jn (R1)∂un+j +
−1∑
j=−∞
jS jn (P1)∂vn+j − α∂α .
A Lax pair for the differential-difference hierarchy (26) and its master symmetry (27) is given by
Ψn+1 = L(un,un+1;α)Ψn , (29a)
∂Ψn
∂tk
=
(
P
k−1
n M(un,un+1,un−1;α)
)
Ψn , (29b)
∂Ψn
∂α
= −
n
α
(
M(un,un+1,un−1;α) +
α3
α3 − λ3
I
)
Ψn , (29c)
where matrix L is defined in (20b) and
M(un,un+1,un−1;α) :=
−3α3
(α3 − λ3)rn


unvn−1
λ2unvn
α2
λun−1vn
α
λun+1vn−1
α un+1vn
λ2un−1un+1vn
α2un
λ2unvn−1vn+1
α2vn
λunvn+1
α un−1vn+1

 . (30)
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Thus we have systematically constructed the generalized symmetries and the canonical conservation laws for
both systems (3) and (19) which are related to lattice potential and modified Boussinesq equations, respectively.
The existence of such hierarchies establishes the integrability of these systems, the multidimensional consistency
of which was established in [17]. In the next section we employ both of master symmetries of system (19) in the
derivation of an integrable and multidimensionally consistent system of PDEs.
4 Continuous symmetric reduction of the lattice modified Boussinesq system
The concept of generating PDE was introduced in [11] and a systematic method for the derivation of such systems
was presented in [16] based on the symmetries of the underlying discrete system. Here we apply this method to
the case of the lattice modified Boussinesq system (19) using both of its master symmetries. That is, we look for
solutions of system (19) which remain invariant under the action of both symmetries, and which lead to a system
of PDEs rather than a system of ordinary difference equations 3.
More precisely, introducing the notation
u := un,m, u1 := un+1,m, u2 := un,m+1, u−1 := un−1,m, u−2 := un,m−1 ,
v := vn,m, v1 := vn+1,m, v2 := vn,m+1, v−1 := vn−1,m, v−2 := vn,m−1 ,
we impose that u, v and their shifts satisfy, additionally to system (19), the “similarity constraints”
α
∂u
∂α
+ nu
(
3 v u1
uv−1 + u1v + u−1v1
− 1
)
= 0 , (31a)
α
∂v
∂α
+ n v
(
1 −
3u v−1
uv−1 + u1v + u−1v1
)
= 0 , (31b)
β
∂u
∂β
+ mu
(
3 v u2
uv−2 + u2v + u−2v2
− 1
)
= 0 , (31c)
β
∂v
∂β
+ mv
(
1 −
3u v−2
uv−2 + u2v + u−2v2
)
= 0 , (31d)
which in [17] (in a different notation) were presented as a system of differential-difference equations compatible
with the original lattice system (19).
From the above system of differential-difference equations accompanied with the lattice modified Boussinesq
system (19), a system of partial differential equations for (u,u1,u2) := (u, v, u1, v1, u2, v2) can be derived in a
systematic way as it was done for the ABS equations in [16]. This system has the following form
∂u1
∂β
=
α(αu2 − βu1)(αu1v2 − βu2v1)
(α3 − β3)uu2v2
∂u
∂β
−
β(αu2 − βu1)(βv2 − αv1)
(α3 − β3)vv2
∂v
∂β
−m
α(u2v1(αu2 − βu1) + v2(βu
2
2 − αu
2
1))
(α3 − β3)u2v2
, (32a)
∂v1
∂β
=
β(βv2 − αv1)(αu1v2 − βu2v1)
(α3 − β3)uu2v2
∂u
∂β
−
(αv1 − βv2)(β
2v1 − α
2v2)
(α3 − β3)vv2
∂v
∂β
−m
α(u1v2(βv2 − αv1) + u2(αv
2
2 − βv
2
1))
(α3 − β3)u2v2
, (32b)
3We point out that in this respect such symmetry reductions are different from reductions by Lie point symmetries, in that the latter
usually reduce the space of solutions to a finite-dimensional one, whereas with the reductions we impose here the solution space remains
infinite-dimensional.
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∂u2
∂α
=
β(βu1 − αu2)(βu2v1 − αu1v2)
(β3 − α3)uu1v1
∂u
∂α
−
α(βu1 − αu2)(αv1 − βv2)
(β3 − α3)vv1
∂v
∂α
−n
β(u1v2(βu1 − αu2) + v1(αu
2
1 − βu
2
2))
(β3 − α3)u1v1
, (32c)
∂v2
∂α
=
α(αv1 − βv2)(βu2v1 − αu1v2)
(β3 − α3)uu1v1
∂u
∂α
−
(βv2 − αv1)(α
2v2 − β
2v1)
(β3 − α3)vv1
∂v
∂α
−n
β(u2v1(αv1 − βv2) + u1(βv
2
1 − αv
2
2))
(β3 − α3)u1v1
, (32d)
∂2u
∂α∂β
=
1
u
(
1 +
αβ
α3 − β3
(
β
u1v2
u2v1
− α
u2v1
u1v2
))
∂u
∂α
∂u
∂β
+
αβ
α3 − β3
αv1 − βv2
v
(
u2
u1v2
∂u
∂α
∂v
∂β
+
u1
u2v1
∂u
∂β
∂v
∂α
)
−m
α
α3 − β3
((
α
u2v1
u1v2
+ β
u1v2
u2v1
+ β
u2
u1
)
∂u
∂α
−
uu1(βv2 − αv1)
u2vv1
∂v
∂α
)
−n
β
β3 − α3
((
β
u1v2
u2v1
+ α
u2v1
u1v2
+ α
u1
u2
)
∂u
∂β
−
uu2(αv1 − βv2)
u1vv2
∂v
∂β
)
+
nm
α3 − β3
(βv2 + αv1)(u
2
2v1 − u
2
1v2)
u1u2v1v2
, (32e)
∂2v
∂α∂β
=
1
α3 − β3
(α2v2 + β
2v1)(αv1 − βv2)
vv1v2
∂v
∂α
∂v
∂β
+
αβ
α3 − β3
αu1v2 − βu2v1
u
(
1
u2v2
∂v
∂α
∂u
∂β
+
1
u1v1
∂v
∂β
∂u
∂α
)
−m
α
α3 − β3
((
α
u1
u2
+ α
v2
v1
+ β
v1
v2
)
∂v
∂α
−
v(αu1v2 − βu2v1)
uu1v1
∂u
∂α
)
−n
β
β3 − α3
((
β
u2
u1
+ β
v1
v2
+ α
v2
v1
)
∂v
∂β
−
v(βu2v1 − αu1v2)
uu2v2
∂u
∂β
)
+
nm
α3 − β3
v(αu1v2 + βu2v1)(u2v2 − u1v1)
u1u2v1v2
. (32f)
In the following we will denote this system by Bn,m(u,u1,u2;α, β) or, simply, by Bn,m.
The integrability properties of this system are inherited to it by its lattice counterpart and are the following
ones : it is multidimensionally consistent in the sense of [19], it admits an auto-Bäcklund transformation and a
Lax pair. These properties are formulated in the following three theorems which can be proven by straightforward
calculations.
Theorem 3 The three copies
Bni,nj(u,ui,uj ;αi, αj), Bnj ,nk(u,uj ,uk;αj , αk), Bnk,ni(u,uk,ui;αk, αi)
of the above system are consistent with each other. That is, the three different ways to evaluate ∂αi∂αj∂αku and
the two different ways to evaluate ∂αi∂αjuk, i 6= j 6= k 6= i, lead to same results, respectively.
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u
ˆ˜
u
uˆ
u˜
Bµ
Bλ
Bλ
Bµ
Figure 1: Bianchi commuting diagram
Theorem 4 Let us denote by Bλ(u,u1,u2; u˜, u˜1, u˜2) the algebraic-differential system
∂u˜
∂α
=
λ(λu1 − αu˜)(λu˜v1 − αu1v˜)
(λ3 − α3)uu1v1
∂u
∂α
−
α(λu1 − αu˜)(αv1 − λv˜)
(λ3 − α3)vv1
∂v
∂α
−n
λ(u1v˜(λu1 − αu˜) + v1(αu
2
1 − λu˜
2))
(λ3 − α3)u1v1
, (33a)
∂v˜
∂α
=
α(αv1 − λv˜)(λu˜v1 − αu1v˜)
(λ3 − α3)uu1v1
∂u
∂α
−
(λv˜ − αv1)(α
2v˜ − λ2v1)
(λ3 − α3)vv1
∂v
∂α
−n
λ(u˜v1(αv1 − λv˜) + u1(λv
2
1 − αv˜
2))
(λ3 − α3)u1v1
, (33b)
∂u˜
∂β
=
λ(λu2 − βu˜)(λu˜v2 − βu2v˜)
(λ3 − β3)uu2v2
∂u
∂β
−
β(λu2 − βu˜)(βv2 − λv˜)
(λ3 − β3)vv2
∂v
∂β
−m
λ(u2v˜(λu2 − βu˜) + v2(βu
2
2 − λu˜
2))
(λ3 − β3)u2v2
, (33c)
∂v˜
∂β
=
β(βv2 − λv˜)(λu˜v2 − βu2v˜)
(λ3 − β3)uu2v2
∂u
∂β
−
(λv˜ − βv2)(β
2v˜ − λ2v2)
(λ3 − β3)vv2
∂v
∂β
−m
λ(u˜v2(βv2 − λv˜) + u2(λv
2
2 − βv˜
2))
(λ3 − β3)u2v2
, (33d)
u˜1 = v
αu˜− λu1
αv1 − λv˜
, v˜1 =
v
u
αu1v˜ − λu˜v1
αv1 − λv˜
, u˜2 = v
βu˜− λu2
βv2 − λv˜
, v˜2 =
v
u
βu2v˜ − λu˜v2
βv2 − λv˜
. (33e)
System Bλ(u,u1,u2; u˜, u˜1, u˜2) maps any solution (u,u1,u2) of system Bn,m to a new solution (u˜, u˜1, u˜2) of the
same system. In other words, it constitutes an auto-Bäcklund transformation of system (32).
Moreover, starting with any solution (u,u1,u2) of system Bn,m and using the auto-Bäcklund transformations
Bλ and Bµ to construct two new solutions (u˜, u˜1, u˜2) and (uˆ, uˆ1, uˆ2), respectively, then a third solution (ˆ˜u, ˆ˜u1, ˆ˜u2)
can be constructed algebraically according to Bianchi commuting diagram, cf. Figure 1, and this solution is given
by
ˆ˜u = v
λuˆ− µu˜
λv˜ − µvˆ
, ˆ˜v =
v
u
λu˜vˆ − µuˆv˜
λv˜ − µvˆ
,
ˆ˜u1 = v1
λuˆ1 − µu˜1
λv˜1 − µvˆ1
, ˆ˜v1 =
v1
u1
λu˜1vˆ1 − µuˆ1v˜1
λv˜1 − µvˆ1
,
ˆ˜u2 = v2
λuˆ2 − µu˜2
λv˜2 − µvˆ2
, ˆ˜v2 =
v2
u2
λu˜2vˆ2 − µuˆ2v˜2
λv˜2 − µvˆ2
,
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the form of which coincides with the lattice modified Boussinesq system (19).
Theorem 5 The linear system
∂αΨ = Kn(u,u1, ∂αu;α)Ψ , ∂βΨ = Km(u,u2, ∂βu;β)Ψ , (34a)
where
Kn(u,u1, ∂αu;α) :=
1
α3 − λ3


α3∂αv
v
λ2(nu−α∂αu)
u1
αλ(αv∂αu+u(nv−α∂αv))
uv1
αλu1
u
nv+α∂αv
v
−α3∂αu
u
λ2u1(αv∂αu+u(nv−α∂αv)
u2v1
λ2v1(nv+α∂αv)
v2
αλv1(nu−α∂αu)
uv α
3
(
∂αu
u −
∂αv
v
)

 , (34b)
constitutes a Lax pair of system Bn,m. In other words, the compatibility condition
∂βKn(u,u1, ∂αu;α)− ∂αKm(u,u2, ∂βu;β) + [Kn(u,u1, ∂αu;α),Km(u,u2, ∂βu;β)] = 0
holds on solutions of system (32).
5 Conclusions
In this paper we have investigated the symmetry structure and conservation laws for two key examples of higher
order integrable discrete systems, namely the lattice Boussinesq and the lattice modified Boussinesq system of
partial difference equations. A third example in this class is the lattice Schwarzian Boussinesq equation, [9], which
can also be written as a quadrilateral system of three fields, [17], and for which we expect the symmetry analysis
to be similar to that of the one performed in Section 2. Last year, in [4], a systematic search for integrable cases
of 2- and 3-field systems of Boussinesq-type form revealed the existence of certain parameter-deformations of the
Boussinesq lattice systems, and recently in [21] it was shown that these systems arise from a direct linearization
scheme similar to the one exploited in [12] but involving a more general dispersion structure. We expect that
the deformed Boussinesq systems, including the analogues of the Schwarzian Boussinesq case, admit a similar
analysis as the one performed in the present paper, but we postpone those generalizations to a future publication.
Another related aspect, which is currently in preparation, is the existence of Lagrange structures for the Boussi-
nesq systems. The scalar 9-point equation (1) admits a natural Lagrangian, which was already reported in [12], but
a Lagrangian for the modified lattice Boussinesq equation (2) was not given. In fact, in [5] it was shown that the
entire lattice Gel’fand-Dikii hierarchy, which comprises the lattice potential KdV equation as well as the lattice
Boussinesq system and associated higher order systems, admits a Lagrangian structure which can be written in a
surprisingly compact form. Recently, Lagrangians were established for the modified Boussinesq system compris-
ing the fully discrete, semi-discrete systems as well as the corresponding generating PDE, [6]. These Lagrangian
structures allow us to investigate the symmetries and conservation laws for these integrable systems from the point
of view of the relevant Noether theorems. These aspects are part of ongoing research.
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